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Idea of the talk

variety of algebras ! bad objects R are radical, annihilator,...

A/R is better behaved ! semisimple or sum of better structures of A

evolution algebras ! absorption radical, Jacobson radical,...

A/rad(A) is direct sums of better beahved

In this work

We study the structure of A/M(A) where M(A) is the intersection of
maximal ideals of an evolution algebra A.
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Directed graphs

Definition

A directed graph is a 4-tuple G = (E 0,E 1, r , s) with E
0, E 1 sets and

r , s : E 1
→ E

0 maps.

E
0
→ vertices E

1
→ directed edges

f ↑ E
1

{
r(f ) → range of f

s(f ) → source of f
MG = (aij) → adjacency matrix (aij is the number of arrows from i to j)

Example

MG =

(
0 1 1
1 0 0
0 1 0

)
G :

•
2

f2
!!

•
1

f1

""

f3

## •
3

f4

$$ E0 = {1, 2, 3}

E1 = {f1, f2, f3, f4}

r(f1) = 2, s(f1) = 1
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Elements of directed graphs

s
→1(v) = → =↑ v is a sink

r
→1(v) = → =↑ v is a source

↓v ↔ E
0, |s→1(v)| < ↗ =↑ E is row-finite

G satisfies Confition (Sing) if there is at most one directed edge among two vertices

Example

•
2

•
1

f1

!!

•
3

f3

""

f2

##

E0 = {1, 2, 3}, E1 = {f1, f2, f3}

s(f1) = 1, s(f2) = 3, s(f3) = 3 ↑ s
→1(2) = → ↑ 2 is a sink

r(f1) = 2, r(f2) = 1, r(f3) = 2 ↑ r
→1(3) = → ↑ 3 is a source

The graph satisfies Condition (Sing)
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Elements of directed graphs

µ = f1 . . . fm s. t. r(fi ) = s(fi+1) for i = 1, . . . ,m → 1 is a path of length m

s(µ) := s(f1) is the source of µ

r(µ) := r(fm) is the range of µ

r(µ) = s(µ) =↑ µ is a closed path

Path(E) is the set of all paths in E

Example
•1

!!""

f1

##

•6

f4
$$

%%

•5

f3

&&

•2 ''

f2
((

))

•4
**

•3

++,,

--

µ = f1f2f3f4

s(µ) = 1

r(µ) = 5
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Elements of directed graphs

T (S) = {v ↓ E
0 : ↔ω ↓ Path(E), u ↓ S | s(ω) = u, r(ω) = v} tree of S ↗ E

0

Note that T (S) =
⋃

v→S
T (v).

Example

•1

!!"" ##

•6
$$

%%

•5
&&

•2 ''((

))

•4
**

•3

++,,

--

T (1) = T (2) = {1, 2, 4, 5, 6}

T (3) = {3, 4, 5, 6}

T (4) = {4}

T (5) = T (6) = {5, 6}

T ({4, 5}) = {4, 5, 6}
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Hereditary subsets of directed graphs

H ↗ E
0 is hereditary if for all u ↓ H, T (u) ↗ H

Notation: HE = { hereditary subsets of E0
} (or just H)

Note that T (S) is the smallest hereditary subset of E0 containing S

E
0
↘= H ↓ HE is a maximal hereditary subset if H ↗ H

↑, H↑
↓ HE , implies H = H

↑ or H↑ = E
0

Example

•1

!!"" ##

•6
$$

..

•5&&

•2
''((

//

•4
00

•3

++,,

11

Hereditary subsets: HE = {H1,H2,H3,H4,H5} where

H1 = {1, 2, 4, 5, 6}, H2 = {3, 4, 5, 6},H3 = {4},H4 = {5, 6} and H5 = {4, 5, 6}
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Motivation: Gametic algebra

Evolution algebras model self-reproduction in non-Mendelian genetics.

Example of Mendelian genetics: {E , e} two alleles with multiplication
table of the gametic algebra given by

E e

E E
1
2(E+ e)

e
1
2(E+ e) e

Example of non-Mendelian genetics: a1 and a2 two alleles with
multiplication table of the gametic algebra given by

a1 a2

a1 ω11a1 + ω21a2 0
a2 0 ω12a1 + ω22a2

with ω11 + ω21 = ω12 + ω22 = 1.
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Basics on evolution algebras

Definition

An evolution algebra (e.a.) over a field k is a k-algebra A provided with
a basis B = {ei | i → !} such that eiej = 0 whenever i ↑= j . Such a basis B
is called a natural basis.

e.a. are commutative algebras but not power associative in general

Definition
Let A be an e.a. with natural basis B . The scalars ωki → k such that

e
2
i := eiei = ”k↓!ωkiek

are called the structure constants of A relative to B , and the matrix
MB := (ωki ) is said to be the structure matrix of A relative to B .
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Evolution algebras and graphs

Definition
We denote by E = (E 0,E 1, r , s) the directed graph associated to an e.a. A relative

to a natural basis B = {ei}i→! where the set E 0 = {ei}i→! and f → E
1 with s(f ) = ei

and r(f ) = ej if the j-th coordinate of e2i relative to B is nonzero. So, we sometimes

identify B with E
0.

Directed graph associated to e.a. are row-finite and satisfies the Condition (Sing)

Example

A e.a., B = {e1, e2, e3} with e
2
1 = e2 + e3, e22 = 2e1, e23 = e2

MB =

(
0 2 0
1 0 1
1 0 0

)
! MG =

(
0 1 1
1 0 0
0 1 0

)

•e2

22•e1

33

'' •e3

44
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Annihilator and degeneracy

Definition
An evolution algebra A is nondegenerate if it has a natural basis

B = {ei}i↓! such that e2
i
↑= 0 for every i → ! (it does not depend on the

chosen natural basis). Otherwise, we say that A is degenerate.

Definition

The annihilator of an evolution algebra A, denoted by ann(A), is the ideal
of A defined as

ann(A) := {x → A | xa = 0 for any a → A} = span({ei : e2i = 0}).

A is nondegenerate if and only if ann(A) = 0
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Simplicity and perfectness

Definition

An algebra A is simple if A2
↑= 0 and 0 is the only proper ideal.

An algebra A is perfect if A2 = A. In the particular case of an evolution
algebra, perfectness is equivalent to the fact that the determinant of the

structure matrix is not zero.

For evolution algebras:
perfect (and finite) ↓↔ det(MB) ↑= 0

simple ↔ perfect
perfect ⊋ simple
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Key objects: hereditary subset and basic ideals

Definition (Key Objects)

Suppose I an ideal of a e.a. A with natural basis B = {ei}i↓!, E its
associated directed graph and H ↗ E

0 hereditary subset.

I ε A ! HI := {ei → E
0 : e2i → I} is a hereditary subset of E 0

H ↗ E
0 ! IH := span{H} is a basic ideal of A

Evolution and Basic ideal
An ideal I of an e.a. A is called evolution ideal if it admits a natural basis. In the case

that this natural basis can be extended to the whole algebra we say that I is a basic

ideal.
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Example

Example

A e.a. with B = {e1, e2, e3, e4, e5, e6} and e
2
1 = e2 + e4 + e5, e22 = e1 + e4 + e5,

e
2
3 = e3 + e4 + e5, e24 = e4, e25 = e6, e26 = e5 + e6. The associated graph is:

E : •e1

5566 ##

•e6
$$

..

•e5&&

•e2 ''((

//

•e4
**

•e3

7744

88

H1 = {e1, e2, e4, e5, e6} and H2 = {e3, e4, e5, e6} are maximal hereditary subsets

IH1 = span{e1, e2, e4, e5, e6}, IH2 = span{e3, e4, e5, e6} are basic ideals of A

IH1 , IH2 are maximal ideals

H := H1 ≃ H2 = {e4, e5, e6} is also a hereditary subset

IH = IH1 ≃ IH2 = span{e4, e5, e6}
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Maximal ideals of e.a. ↘ Maximal hereditary subsets

Question
Does every maximal ideal come from a maximal hereditary subset?

In general, it is not true.

Example
A e.a. with B = {e1, e2, e3, e4} and e

2
1 = e1 + e2, e22 = e2, e23 = e1 + e3 + e4, e24 = e1 + e3 + e4.

H = {e1, e2} is a maximal hereditary subset of B.
IH = span{e1, e2} is not a maximal ideal since J = span{e1, e2, e3 + e4} = A

2 is an ideal with
IH ↗ J and J ↘= A.

•e1
''

%%

•e2

**

•e3

99

::

%%

•e4

**

;;

44
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Maximal ideals of e.a. ↘ Maximal hereditary subsets

Question
Does every maximal ideal come from a maximal hereditary subset?

In general, it is not true.

Example

A e.a. with B = {e1, e2} and e
2
1 = e1 + e2, e22 = e1 + e2.

B does not have maximal hereditary subsets except the empty set but
I = span{e1 + e2} is a maximal ideal.

•e1

::

..

•e2<<

00
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Important property

Question
How can we obtain maximal ideals of an e.a. from its associated graph?

Proposition

The maximal ideals of e.a. A exists in two flavours:

1 Those subspaces of codimension 1 of A containing A
2.

2 Those ideals IH with H → H maximal, and such that there is no
subspace S with A

2
↗ S ⫅̸ A such that IH ↗ S .

Corollary

Consider A a perfect e.a. and I a maximal ideal of A. Then there exists a
maximal hereditary subset H such that I = IH . Furthermore, H = HI and

I is a basic ideal.
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Example

Evolution algebras may have ideals of both types

Example

A e.a. with B = {ei : i → N⇐
} and e

2
i
= ei + ei+1 ≃i → N⇐.

E : •e1

==

'' •e2
''

==

•e3
''

==

•e4

==

''

Only one maximal hereditary subset
H = {ei : i ⇐ 2}

⇒

IH = span{ei : i ⇐ 2}
is a maximal ideal since A/IH ⇑= Kē1.

Moreover, there does not exist any other maximal ideal except
A
2 = span{ei + ei+1 : i ⇐ 1}.
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Example

Evolution algebras may have infinitely many maximal ideals containing A
2

Example

A e.a. B = {e1, e2, e3, e4, e5, e6}, e21 = e2 = e
2
2 , e

2
3 = e4 + e5, e24 = 0 = e

2
6 , e

2
5 = e6

•e1 '' •e2
88

•e3 ''

>>

•e4

•e5 '' •e6

H1 = {e2, e3, e4, e5, e6} maximal ! IH1 = span{e2, e3, e4, e5, e6}
H2 = {e1, e2, e4, e5, e6} maximal ! IH2 = span{e1, e2, e4, e5, e6}

with span{e2, e4 + e5, e6} = A
2 ↑ IH1 , IH2 maximal ideals (of codimension 1 containing A

2)

Moreover, there are infinite maximal ideals I ↑ such that A2 ↑ I
↑ ↑ A, indeed,

I
↑ = span{e2, e4 + e5, e6,ωe1 + εe3, ϑe1 + ϖe3} with det

(
ω ε
ϑ ϖ

)
↓= 0.
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Key objects: Non-superfluous collection of ideals

Definition

Given a K-algebra A and {Iε}ε↓! a collection of ideals of A, we say that
Iϑ is !-superfluous if

⋂
ε↓!

Iε =
⋂

ε↓!,ε ↘=ϑ
Iε or equivalently

⋂
ε↓!,ε ↘=ϑ

Iε ↗ Iϑ .

Definition
If a collection of ideals does not contain any !-superfluous ideal, then we
say that {Iε}ε↓! is a non-superfluous collection. Observe that this
definition is equivalent to

⋂
ε↓!

Iε ⫅̸
⋂

ε↓!,ε ↘=ϑ
Iε for any ϑ → !.

Given {Iε}ε↓! a finite family of ideals, we can get a non-superfluous
family whose intersection coincides with the one of the original family.
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Key objects: Non-superfluous collection of hereditary
subsets

Definition

In a similar fashion, we can define a non-superfluous collection {Hε}ε↓!

of hereditary subsets of the set of vertices of a graph.

Proposition
Consider a directed graph E . Then,

(i) If H1,H2 are two non-empty hereditary subsets of E
0
with H1 maximal and

H2 ↑↗ H1, then H1 ⇓ H2 = E
0
.

(ii) If H1,H2,H3 are three non-empty hereditary subsets of E
0
with H2,H3 ↑↗ H1

and H1 maximal, then H1 ⇔ H2 ⇔ H3 ↑= H2 ⇔ H3.

(iii) If {Hi}
n

i=1 is a family of non-empty di!erent maximal hereditary subsets of

E
0
, then the family {Hi}

n

i=1 is non-superfluous, for all n → N .

(iv) If {Hi}i→I is a family of non-empty di!erent maximal hereditary subsets of

E
0
, then the family {Hi}i→I is non-superfluous.
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More properties

Lemma
Let A be an e.a. of arbitrary dimension with associated graph E relative to

a natural basis B . Then:

{IHi
}i↓! is a superfluous family of di!erent non-zero ideals of A

↖

{Hi}i↓! is also a superfluous family of di!erent non-empty hereditary

subsets of E
0

Proposition

For perfect e.a., all the families of di!erent maximal ideals are

non-superfluous.
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Structure theorems and examples

Definition
We say that an e.a. A is reductive if it is a direct sum of simple e.a. and
zero product algebras. We define the reductive radical of an e.a. as
M(A) := ⇔ε↓!Iε where {Iε}ε↓! is the set of all maximal ideals of A.

Proposition

Let A be an e.a. Then M(A) ↗ A
2
and M(A/M(A)) = 0.

Definition
Let F = {Cω |ε ↓ !} be an arbitrary indexed set of K-algebras and ϖε :

∏
ω Cω ⇒ Cε the

projection. We say that A is isomorphic to the subdirect product of F and write indistinctly

A ⇑=s
∏

ω Cω or A
s

ϱ⇒
∏

ω Cω

if there exists a monomorphism i : A ϱ⇒
∏

ω Cω such that for every ς ↓ ! the map ϖε i is
surjective.

Alicia Tocino (Universidad de Málaga) Reductive radical of evolution algebras
XXI Non-Associative Day in Athens National and Kapodistrian University of Athens (Athens, Greece) March 27, 2026
28 / 32



Structure theorems and examples

Question

What is the structure of A/M(A) for evolution algebras?

Theorem (Structure theorem of evolution algebras)
Let A be an arbitrary e.a. and let {Iω}ω→! be the family of maximal ideals of A. Then:

A/M(A) ⇑=s
∏

ω→!

A/Iω or A/M(A)
s

ϖ↙(
∏

ω→!1

Kω)∝ (
∏

ω→!2

A/Iω)

where:

each A/Iω is either a simple evolution algebra or a 1-dimensional algebra of zero product,

!1 := {ε ↓ ! : A
2
↗ Iω ↗ A}, Kω = A/Iω ⇑= K for ε ↓ !1,

!2 := {ε ↓ ! : A
2
↘↗ Iω}, A/Iω is a simple evolution algebra and Iω is of the form

IHI
= span(HI ) with HI a maximal hereditary set.

In addition, ann
(
(
∏

ω→!1
Kω)⇓ (

∏
ω→!2

A/Iω)
)
=

∏
ω→!1

Kω and

ann(A/M((A)) = (A/M((A)) ≃ (
∏

ω→!1
Kω).
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Example

A e.a. B = {v1, v2, v3} ⇓ {ei}i⇔1 and
v
2
1 = v3, v22 = v1, v23 = v2 + e1, e2i = ei+1 for all i ⇐ 1.

E : •v1

55

•v2

99

•v3
''(( •e1

'' •e2
''

Only one maximal hereditary set ! H = {ei}i⇔1 ↔ IH = ∝i⇔1Kei is
maximal ideal

A
2 = Kv3 ∝Kv1 ∝K(v2 + e1)∝i⇔1 Kei+1, codim(A2) = 1 and IH is not
contained in A

2
↔ A

2 is another maximal ideal. There are no more
maximal ideals

Reductive radical ! M(A) = A
2
⇔ IH = ∝i⇔1Kei+1

A/M(A) ⇑=s
A/A2

∝ A/IH = (Kē1)∝ (Kv̄1 ∝Kv̄2 ∝Kv̄3)

with ē
2
1 = 0̄, v̄21 = v̄3, v̄22 = v̄1 and v̄

2
3 = v̄2

Alicia Tocino (Universidad de Málaga) Reductive radical of evolution algebras
XXI Non-Associative Day in Athens National and Kapodistrian University of Athens (Athens, Greece) March 27, 2026
30 / 32



Example

A e.a. B = {v1, v2, v3} ⇓ {ei}i⇔1 and
v
2
1 = v3, v22 = v1, v23 = v2 + e1, e2i = ei+1 for all i ⇐ 1.

E : •v1

55

•v2

99

•v3
''(( •e1

'' •e2
''

Only one maximal hereditary set ! H = {ei}i⇔1 ↔ IH = ∝i⇔1Kei is
maximal ideal

A
2 = Kv3 ∝Kv1 ∝K(v2 + e1)∝i⇔1 Kei+1, codim(A2) = 1 and IH is not
contained in A

2
↔ A

2 is another maximal ideal. There are no more
maximal ideals

Reductive radical ! M(A) = A
2
⇔ IH = ∝i⇔1Kei+1

A/M(A) ⇑=s
A/A2
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Structure theorems and examples

Specializing to more particular settings, we can obtain di#erent versions of
the Structure Theorem. As an example, the next one show the behavior of
A/M(A) for finite-dimensional perfect evolution algebras.

Theorem

If A is a finite-dimensional perfect e.a. and {Ii}
n

i=1 is the family of

maximal ideals of A, then A/M(A) ⇑=
⊕

n

i=1 A/Ii . Therefore, A is

reductive modulo the intersection of its maximal ideals. Moreover, this

decomposition is unique.
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That’s all Folks!

Thank you very much for your attention!
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