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Idea of the talk

variety of algebras ~» bad objects R are radical, annihilator,...
A/R is better behaved ~» semisimple or sum of better structures of A
evolution algebras ~» absorption radical, Jacobson radical,...

A/rad(A) is direct sums of better beahved

We study the structure of A/9Mt(A) where DM(A) is the intersection of
maximal ideals of an evolution algebra A.
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@ Generalities of directed graphs

© Preliminaries on evolution algebras

9 Maximal ideals of evolution algebras and properties

@ Structure theorems
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@ Generalities of directed graphs
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Directed graphs

A directed graph is a 4-tuple G = (E°, E1, r,s) with E®, E! sets and
r,s: El — E° maps.

E® — vertices E' — directed edges
feEl r(f) — range of f
s(f) — source of f

M¢ = (ajj) — adjacency matrix (aj; is the number of arrows from i to j)

v,

0 Eo = {1,2,3}
MG =11
0

o2
fi
1 1 f
0 G: Er = {f, f, £, i}
0 e ;
¢ ———>0
f
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Elements of directed graphs

s Hv) =0 = v is a sink
r~1(v) =0 = v is a source
Vv € E% |s71(v)| < oo = E is row-finite

G satisfies Confition (Sing) if there is at most one directed edge among two vertices

EO = {172a 3}’ El = {fh f27 f3}

o’
/ X s(h)=1,s(h)=3,s(f)=3=s51(2)=0=2is asink
r(fi) =2, r(h) =1, r(fy) =2 = r—1(3) = 0 = 3 is a source
(| PS——
f

h The graph satisfies Condition (Sing)
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Elements of directed graphs

pw=rh...fms. t. r(f;) =s(fiy1) fori=1,...,m—1is a path of length m
s(p) := s(f1) is the source of
r(p) := r(fm) is the range of
r(n) = s(u) = p is a closed path

Path(E) is the set of all paths in E

)\ p=fibfifh

ﬂ
Cormal e e

/ r(n) =5
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Elements of directed graphs

T(S)={v e E®: 3x € Path(E),u € S|s(A\) = u,r(\) = v} tree of S C E°

Note that T(S) = U,cs T(v).

T(1)=T(2)={1,2,4,5,6}

/ )\ T(3) = {3,4,5,6}

B BE==——R— 04 T(4) = {4}

\ / T(5) = T(6) = {5,6}

T({4,5}) = {4,5,6}
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editary subsets of directed graphs

H C EV is hereditary if for all u € H, T(u) C H
Notation: Hg = { hereditary subsets of E®} (or just H)
Note that T(S) is the smallest hereditary subset of E® containing S

EO® # H € Hr is a maximal hereditary subset if H C H', H' € Hg, implies H=H’ or H' = E°

il

SN

( ®q o <—— @) —> 0y

3

Hereditary subsets: Hg = {H1, Hz, H3, Ha, Hs} where
Hi ={1,2,4,5,6}, H> — {3.4.5.6},H3 = {4}, Hs = {5,6} and Hs = {4,5,6}
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Contents of the talk

© Preliminaries on evolution algebras
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Motivation: Gametic algebra

@ Evolution algebras model self-reproduction in non-Mendelian genetics.

e Example of Mendelian genetics: {E, e} two alleles with multiplication
table of the gametic algebra given by

‘ E e
E E s(E+e)
e | 3(E+e) e

@ Example of non-Mendelian genetics: a; and a two alleles with
multiplication table of the gametic algebra given by
2
‘ al Y oy a 0;,'0\2
7 7
2
wi1a1 -(l)-wzlaz j)_ 0
wizal + wra
s a 'qA 1281 2232

ai
a

with w11 + wo1 = wip +wop = 1.
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Basics on evolution algebras

Definition

An evolution algebra (e.a.) over a field k is a k-algebra A provided with
a basis B = {e;|i € A} such that eje; = 0 whenever i # j. Such a basis B
is called a natural basis.

e.a. are commutative algebras but not power associative in general

Definition
Let A be an e.a. with natural basis B. The scalars wy; € k such that

B _
€ 1= ejej = X ycAWki€k

are called the structure constants of A relative to B, and the matrix
Mp := (wk;) is said to be the structure matrix of A relative to B.
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Evolution algebras and graphs

Definition

We denote by E = (E°, E, r, s) the directed graph associated to an e.a. A relative
to a natural basis B = {e;};cn where the set E® = {e;};ca and f € E' with s(f) = &
and r(f) = e if the j-th coordinate of €7 relative to B is nonzero. So, we sometimes
identify B with E°.

Directed graph associated to e.a. are row-finite and satisfies the Condition (Sing)

Aea., B=1{e, e, e} with e =e + e, e

2
2

0 2 0 0o 1
Mg=1(1 0 1)~ Mg=|(1 o0
1 0 0 0 1

AN

[} e
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Annihilator and degeneracy

Definition

An evolution algebra A is nondegenerate if it has a natural basis
B = {ei}ien such that e? # 0 for every i € A (it does not depend on the
chosen natural basis). Otherwise, we say that A is degenerate.

Definition

The annihilator of an evolution algebra A, denoted by ann(A), is the ideal
of A defined as
ann(A) := {x € A | xa =0 for any a € A} = span({e; : € = 0}).

A is nondegenerate if and only if ann(A) =0
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Simplicity and perfectness

Definition

An algebra A is simple if A% # 0 and 0 is the only proper ideal.
An algebra A is perfect if A2 = A. In the particular case of an evolution
algebra, perfectness is equivalent to the fact that the determinant of the
structure matrix is not zero.

For evolution algebras:
perfect (and finite) <= det(Mg) # 0
simple = perfect
perfect = simple
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Contents of the talk

9 Maximal ideals of evolution algebras and properties
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Key objects: hereditary subset and basic ideals
Definition (Key Objects)

Suppose | an ideal of a e.a. A with natural basis B = {e;}icn, E its
associated directed graph and H C E° hereditary subset.

| <A~ Hy:={e € E%: e € I} is a hereditary subset of E°

H C E® ~ Iy := span{H} is a basic ideal of A

Evolution and Basic ideal

An ideal | of an e.a. A is called evolution ideal if it admits a natural basis. In the case

that this natural basis can be extended to the whole algebra we say that / is a basic
ideal.
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Example

q 2 2
Aea. with B={el,e,e3,e,65,6} and ef = & + &4 + &5, €5 = e1 + e + e,
e§ — e3+ e4 + 65, ef = ey, e§ = €6, eg = e5 + 5. The associated graph is:

E : o,

N

o 0, <—— 0, ——> 0643

N

@)

@ H; ={e1,e,es, 65,6} and Hy = {e3, €4, €5, €5} are maximal hereditary subsets
@ Iy, =span{er, e, €, 65,6}, Iy, = span{es, e4, €5, €5} are basic ideals of A
@ Iy, Iy, are maximal ideals %?
. . LOO“ :
@ H:=HiNHy = {es, es5,6e6} is also a hereditary subset
@ Iy = Iy, NIy, = span{es, es, e6}
r = = —
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Maximal ideals of e.a. +» Maximal hereditary subsets

Does every maximal ideal come from a maximal hereditary subset?

In general, it is not true.

A e.a. with B = {e1, e, e3,e1} and ef =6 + eg,e§ = eg,e% =€ +e3+ e4,ef =€ + e+ es.
H = {e1, e} is a maximal hereditary subset of B.
Iy = span{ey, &2} is not a maximal ideal since J = span{ey, e, €3 + e2} = A? is an ideal with
Iy C J and J # A.

L L

el
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Maximal ideals of e.a. +» Maximal hereditary subsets
Does every maximal ideal come from a maximal hereditary subset?

In general, it is not true.

A e.a. with B = {e;, e} and ef = e + e, e22 =e + &.
B does not have maximal hereditary subsets except the empty set but
| = span{e; + e} is a maximal ideal.

—
o %,
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Important property
How can we obtain maximal ideals of an e.a. from its associated graph?

The maximal ideals of e.a. A exists in two flavours:

@ Those subspaces of codimension 1 of A containing A2

@ Those ideals Iy with H € H maximal, and such that there is no
subspace S with A2 C S C A such that Iy C S.

Corollary

Consider A a perfect e.a. and / a maximal ideal of A. Then there exists a

maximal hereditary subset H such that / = /. Furthermore, H = H; and
| is a basic ideal.
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Example

Evolution algebras may have ideals of both types

Ae.a. with B={e: i € N*} and e,-2 =€ + €11 Vi € N*.

()

E: e = & Oez F@g, CoTTe

Only one maximal hereditary subset
H = {e,- s > 2}
!
Iy = span{e; : i > 2}
is a maximal ideal since A/ly = Ké.

Moreover, there does not exist any other maximal ideal except
A% = span{e; + €1 : i > 1}
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Example

Evolution algebras may have infinitely many maximal ideals containing A2

2 2 2 2 2 2
Aea. B={e,e,a,e,65,6}, i =ex=6, e =es+ 6,6 =0=¢;5, & = &

o, —— o, o, O,

055 - Ocg

Hi = {e, e3, €4, €5, €} maximal ~ (lp, = span{e, €3, €4, €5, €5 }
H, = {e1, &, €4, &5, &} maximal ~ Iy, = span{ei, &, es, €5, €6 }
with C Iny, I, maximal ideals (of codimension 1 containing A?)

Moreover, there are infinite maximal ideals I’ such that A%> C I’ C A, indeed,
I" = span{e, es + es, &5, ver + [es,yer + des} with det (?‘Y ?) #0.
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Key objects: Non-superfluous collection of ideals

Definition

Given a K-algebra A and {/,}.cn a collection of ideals of A, we say that

I, is A-superfluous if (| I, = () Iy orequivalenty () I, Cl/,.
aEN a€eN, aFy a€eN, aFy

Definition

If a collection of ideals does not contain any A-superfluous ideal, then we
say that {/,}aen is a non-superfluous collection. Observe that this

definition is equivalentto () 1o & [\ [ forany v € A.
a€EN a€N, aFy

Given {ly}aen a finite family of ideals, we can get a non-superfluous
family whose intersection coincides with the one of the original family.

Alicia Tocino (Universidad de Malaga) Reductive radical of evolution algebras 24 /32



Key objects: Non-superfluous collection of hereditary
subsets

Definition
In a similar fashion, we can define a non-superfluous collection {H, }nen
of hereditary subsets of the set of vertices of a graph.

Proposition

Consider a directed graph E. Then,

@ If Hi, H> are two non-empty hereditary subsets of E® with H; maximal and
H> §Z Hy, then Hy U H, = =2

@ If Hy, Ho, Hs are three non-empty hereditary subsets of E® with Hy, H3 ¢ Hi
and H; maximal, then H; N Hy N H3 # H, N H3.

@ If{H;}_, is a family of non-empty different maximal hereditary subsets of
E®, then the family {H;}"_, is non-superfluous, for all n € N .

@ If{Hi}ies is a family of non-empty different maximal hereditary subsets of
E°, then the family {H;}:c; is non-superfluous.

Alicia Tocino (Universidad de M3laga) Reductive radical of evolution algebras 25 /32



More properties

Let A be an e.a. of arbitrary dimension with associated graph E relative to
a natural basis B. Then:

{In; }ien is a superfluous family of different non-zero ideals of A

4

{Hi}ien is also a superfluous family of different non-empty hereditary
subsets of E°

Proposition

For perfect e.a., all the families of different maximal ideals are
non-superfluous.
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Contents of the talk

@ Structure theorems

Alicia Tocino (Universidad de Mdlaga) Reductive radical of evolution algebras 27 /32



ructure theorems and examples

Definition

We say that an e.a. A is reductive if it is a direct sum of simple e.a. and
zero product algebras. We define the reductive radical of an e.a. as
M(A) := Naenla Where {I,}aen is the set of all maximal ideals of A.

Proposition
Let A be an e.a. Then M(A) C A2 and M(A/M(A)) = 0.

Definition

Let 7 = {Cq | @ € A} be an arbitrary indexed set of K-algebras and 7z : [[, Ca — Cg the

projection. We say that A is isomorphic to the subdirect product of 7 and write indistinctly
p s TCY

AT Co or ASTL, Ca |
>
if there exists a monomorphism i: A — [], Cu such that for every 8 € A the mapéfrgi is

surjective.
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and examples

What is the structure of A/9t(A) for evolution algebras?

Theorem (Structure theorem of evolution algebras)

Let A be an arbitrary e.a. and let {lo }ocn be the family of maximal ideals of A. Then:

A/M(A) 2= T] Alla or A/MA)S([] Ka) @ (] A/l)
a€EN a€y a€Ny
where:
@ each A/l is either a simple evolution algebra or a 1-dimensional algebra of zero product,
@ Nii={a€N: A2Cly CA}, Ko =A/lo =K fora €,

@ Ny ={a€eAN: A% ¢ I}, A/la is a simple evolution algebra and I, is of the form
I, = span(H;) with H; a maximal hereditary set.

In addition, ann ((Hme,\1 Ka) @ (Taen, A/Ia)> = [Taen, Ko and
ann(A/M((A)) = (A/M((A)) N (TTaen, Ka)-
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Aea. B={vi,w,v3}U{e}i>1 and

2 _ 2 _ 2 _ 2 _ :
Vi = w3, V5 = Vvi,v3 = w+er, e = e foralli>1.
E : o,
Oy, = O3 > Pe & >

Only one maximal hereditary set ~ H = {ej}i>1 = Iy = ®i>1Ke; is
maximal ideal

A2 =Kvzs @ Kvy ® K(v2 + e1) ®i>1 Keir1, codim(A?) = 1 and Iy is not
contained in A2 = A2 is another maximal ideal. There are no more
maximal ideals

Reductive radical ~ M(A) = A’ N Iy = ©;>1Keir1
A/T(A) =5 AR @ Ally = (K&) & (K7 & K7, @ Kis)
with & =0,v2 =73, ¥ =4 and V4 =
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Structure theorems and examples

Specializing to more particular settings, we can obtain different versions of
the Structure Theorem. As an example, the next one show the behavior of
A/M(A) for finite-dimensional perfect evolution algebras.

If A is a finite-dimensional perfect e.a. and {/;}_; is the family of
maximal ideals of A, then A/9M(A) = @7_, A/l;. Therefore, A is
reductive modulo the intersection of its maximal ideals. Moreover, this

decomposition is unique.
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That's all Folks!

Thank you very much for your attention!




