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@ Generalities of directed graphs
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Directed graphs

A directed graph is a 4-tuple G = (E°, E1, r,s) with E®, E! sets and
r,s: El — E° maps.

E® — vertices E' — directed edges
feEl r(f) — range of f
s(f) — source of f

M¢ = (ajj) — adjacency matrix (aj; is the number of arrows from i to j)

v,

Eo = {17 28 3}

2
01 1 %‘x

Mc=1|1 0 0 G: Er={f,h ffi}
010 WV 3
.T).

r(fi)=2,s(f) =1
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editary subsets of directed graphs

H C EY is hereditary if for all u € H, T(u) C H
Notation: Hg = { hereditary subsets of E®} (or just H)
Note that T(S) is the smallest hereditary subset of E® containing S

EO® # H € Hr is a maximal hereditary subset if H C H', H' € Hg, implies H=H’ or H' = E°

il

Hereditary subsets: Hg = {H1, Hz, H3, Ha, Hs} where
Hy = {172a41 576}7 Hy = {3747516}7 H3 = {4}1 Hy = {57 6} and Hs = {45516}
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Basics on evolution algebras

Definition

An evolution algebra (e.a.) over a field k is a k-algebra A provided with a basis
B = {ei|i € A} such that eje; = 0 whenever i # j. Such a basis B is called a natural

basis. (commutative but not power associative in general)

Definition

Let A be an e.a. with natural basis B. The scalars wy; € k such that

2
€ 1= €€ = LieAWki€k

are called the structure constants of A relative to B, and the matrix Mg := (wxi) is
said to be the structure matrix of A relative to B.

Evolution and Basic ideal

An ideal / of an e.a. A is called evolution ideal if it admits a natural basis. In the case
this natural basis can be extended to the whole algebra we say that / is a basic ideal.
v,

We denote by 7 the set of all ideals of A.
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Evolution algebras and graphs

Definition

We denote by E = (E°, E, r, s) the directed graph associated to an e.a. A relative
to a natural basis B = {e;}icn where the set E® = {e;}ica and f € E* with s(f) = e
and r(f) = e if the j-th coordinate of e? relative to B is nonzero. So, we sometimes
identify B with E°.

Aea., B={e,e, e} with e =e+e, e2=2e, e=e

0 2 0 0 1 1
I\/IB:(I 0 1)'\/)MG:(1 0 0)
1 0 0 0 1 0
©

[

We denote by H the set of all hereditary subsets of the directed graph associated to A fixing a

natural basis.
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© Summary First Part
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Maximal ideals of e.a. +» Maximal hereditary subsets

How can we recognize maximal ideals in evolution algebras?

Definition (Key Objects)

Suppose / an ideal of a e.a. A with natural basis B = {ei}ica, E its associated directed
graph and H C E° hereditary subset.

I<A~ H:={e € E°: e,-2 € I} is a hereditary subset of E°

H C E® ~ Iy := span{H} is a basic ideal of A

Does all maximal hereditary subset H produce maximal ideals /5 of €.a.? It's not true, in general

Does all maximal ideal of e.a. come from maximal hereditary subsets? it's not true, in general
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Maximal ideals of e.a. +» Maximal hereditary subsets
How can we obtain maximal ideals of an e.a. from its associated graph?

Proposition

The maximal ideals of e.a. A exists in two flavours:
@ Those subspaces of codimension 1 of A containing A2.

@ Those ideals Iy with H € H maximal, and such that there is no
subspace S with A> € S C A such that Iy C S.
Consider A a perfect (A%> = A) e.a. and / a maximal ideal of A. Then

there exists a maximal hereditary subset H such that / = /5. Furthermore,
H = H, and /| is a basic ideal.
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|deals having the absorption property

Absorption property

An ideal / of a commutative k-algebra A satisfies the absorption property if xA C /
implies x € /.

How can we find ideals of evolution algebras having the absorption property?

Proposition

Let A be a non-degenerate e.a.
H is a hereditary and saturated set < Iy has the absorption property.

A is non-degenerate if and only if ann(A) = span({e; : € =0} =0

H C E° is saturated if for any regular vertex u € E® we have that r(s~'(u)) C H
implies u € H
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Galois Connection

Galois Connection

(A, <), (B, <) partially ordered sets
A Galois connection between A and B consists of two functions:
F:A— Band G: B— Awith F(a) < b& a< G(b),Vae A b€ B.
If these functions are monotone, we have a monotone Galois connection.

Definition

f:H—=TI h:ZT —>H
H!—)IH I#—)H/

Let A be an e.a. We define the maps {

Properties
()

h and f are order preserving maps
f is inyective and strictly monotone (H ¢ H’ implies Ity G I,/)

A is a finite-dimensional perfect e.a. = b is inyective (/, J < A such that H; = H,, then | = J)

(H,C) and (Z, C) are partially ordered sets
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Galois Connection

Property

Let A be an e.a. and B = {ei}ica a natural basis.
All the elements of Z have the absorption property =
f, b is a monotone Galois connection between (#,C) and (Z, C).

@ H* C H is the ordered subset of all hereditary and saturated sets
@ 7" C T is the ordered subset of all ideals having the absorption property

Let A be a non-degenerate e.a. We have that:
@ The restrictions f: H* — Z* and h: Z* — H* are a monotone Galois connection.
Q If Hie H* for all i € T and UierH; € H™, then Iy, = D icr Ih;-

@ If {/i}ica is a collection of ideals having the absorption property, then
Hnjcqr, = NicaHi;.

@ |If A is finite-dimensional and perfect (A = A?), then f,b is a monotone Galois
connection between (#, C) and (Z, C).
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e Evolution algebras with simple associated graph
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Evolution algebras with simple associated graph

How are perfect e.a. with just one maximal ideal?

f inyective and strictly monotone = maximal ideals come from unique maximal
hereditary subsets

How are directed graphs associated to perfect e.a. with just one maximal
hereditary subset?

Given a directed graph E and H € Hg we define the quotient graph
E/H = (F° F, re,se) with FO = EC\ H, F' .= {f € E': s(f), r(f) ¢ H}, and

SF = SE‘FI, e = rE|F1.
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Example quotient graphs

Eo ={1,2,3,4,5,6},He = {H1, Ho, H3, Hs, H5}
Hi ={1,2,4,5,6}, H. = {3,4,5,6}, Hs = {4}, Hs = {5,6}, Hs = {4,5,6}
E : o

e N

.5<—.2—>.4

N\

Oy
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Example quotient graphs

EU == {17233747516}5HE S {H17 H27 H37 H47 H5}

Hl = {172747576}7 H2 = {37 47576}7 Hs = {4}7 H4 = {576}7 H5 = {47 576}
E/H3 5 o]

Hz C Hi,H, = Hi1 \ H3 = {1,2,5,6} and H> \ H3 = {3,5,6} are hereditary subsets of E/Hj3:

v

@ Consider a graph E and H € He. Then {H'\H | HC H',H" € He} C Hg/p-

@ Let A be an e.a. with associated graph E relative to a natural basis B. If H € Hg, then
the evolution algebra A/ly has associated graph E/H.

™7 = = = -y e
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Example quotient graphs

Eo = {17 25 3747 5, 6}77-[5 = {Hla H27 H37 H47 H5}
H = {152747556}7 Hy = {3747556}7 Hs = {4}7 Hy = {576}5 Hs = {47576}
E: o]

N AN

.5<—.2—>-.4

L

Oy
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Example quotient graphs

EO = {17 27 3747 57 6}7HE = {H17 H27 H37 H47 H5}
Hy ={1,2,4,5,6},H, = {3,4,5,6}, Hs = {4}, Hs = {5,6}, Hs = {4,5,6}
E/Hl 5
o3
@ Let H be a maximal hereditary set. Then E/H is either a unique vertex or ... J
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Example quotient graphs

Eo = {17 2,3,4,5, 6}77-[5 = {Hla Ha, Hs, Ha, H5}
H = {172547576}7 Hy = {3747556}7 Hs = {4}7 H, = {576}5 Hs = {47576}
E : o

AN

.5<—.2—>-.4

NP

O
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Example quotient graphs

EO = {17 27 37 47 57 6}7 HE = {H17 H27 H37 H47 H5}
Hy ={1,2,4,5,6},H, = {3,4,5,6}, Hs = {4}, Hs = {5,6}, Hs = {4,5,6}
E/H; : o
)
o
@ Let H be a maximal hereditary set. Then E/H is either a unique vertex or strongly
connected. J

Strongly Connected = given two different vertices there exists a path that goes from the first to
the second one
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Properties of simple graphs

A directed graph E is simple if it has no hereditary subsets other than E° and 0.
An algebra A is simple if A> # 0 and 0 is the only proper ideal.

Let A be a finitely-generated perfect e.a. and E its associated directed graph relative
to the natural basis B. A is simple < E is simple.

Let E be a directed graph and H € HE.

@ H is maximal if and only if E/H is simple.

@ |If the graph E is simple, then it is either an isolated vertex or a graph with no
sources or sinks. Furthermore, it is strongly connected. If E° is finite, then E is
simple if and only if there is a closed path visiting all the vertices of the graph.

v,

Important property

Let A be a finite-dimensional perfect e.a.
A is simple < there is a closed path visiting all the vertices of its associated graph.

— = = = o]
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Last example

A e.a. with {e1, e, e3} and 612 =€ + e + e3, e22 = e, e32 = e + 3.
H = {e2, e3} unique maximal hereditary subset ~ Iy = Ke; @ Kes unique maximal ideal

E: 0 —> o H={e,e3}, E/H: og
.92
A=} Ke Ally =K

E/H is the graph with a single vertex and a single loop, which corresponds to the one-dimensional evolution algebra K.

Since algorithms for computing the hereditary subsets of a graph are known, the task of
determining algorithmically the maximal ideals of a given finite-dimensional perfect evolution
algebra can be effectively implemented (as well as the simplicity of this type of algebras).

i =T = — c o]
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That's all Folks!

Thank you very much for your attention!
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