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Directed graphs

A directed graph is a 4-tuple G = (E°, E1, r,s) with E®, E! sets and
r,s: El — E° maps.

E® — vertices E' — directed edges
feEl r(f) — range of f
s(f) — source of f

M¢ = (ajj) — adjacency matrix (aj; is the number of arrows from i to j)

v,

Eo = {17 28 3}

2
01 1 %‘x

Mc=1|1 0 0 G: Er={f,h ffi}
010 WV 3
.T).

r(fi)=2,s(f) =1
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Elements of directed graphs

*1(‘/) = () = v is a sink
r~1(v) =0 = v is a source
0 < |s7Y(v)| < co = v is regular

Vv € E% |s71(v)| < co = E is row-finite

EO = {17273}’ El = {fl: f27 fi’)}

/ \ s(h)=1,s(h)=3,s() =3=s1(2) =0 = 2is a sink
r(fi) =2, r(h) =2, r(f3) =1 = r—1(3) = 0 = 3 is a source

2 s7I(1) = {f},s71(3) = {H, 1} = 1 and 3 are regular
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Elements of directed graphs

pw=rh...fms. t. r(f;) =s(fiy1) fori=1,...,m—1is a path of length m
s(p) := s(f1) is the source of
r(p) := r(fm) is the range of
r(n) = s(u) = p is a closed path

Path(E) is the set of all paths in E

o
/( N w=hhfifh
f4
05 <2 . 04 s(p)=1
\ / r(n) =5
'3
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Elements of directed graphs

T(S)={v e E®: 3x € Path(E),u € S|s(A\) = u,r(\) = v} tree of S C E°

Note that T(S) = U,cs T(v).

T(1)=T(2)={1,2,4,5,6}

/ )\ T(3) ={3,4,5,6}

'5 <—— 0 ——> 04 T(4) = {4}

\ / T(5) = T(6) = {5,6}

T({4,5}) = {4,5,6}
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editary subsets of directed graphs

H C EV is hereditary if for all u € H, T(u) C H
Notation: Hg = { hereditary subsets of E®} (or just H)
Note that T(S) is the smallest hereditary subset of E® containing S

EO® # H € Hr is a maximal hereditary subset if H C H', H' € Hg, implies H=H’ or H' = E°

il

SN

®q o <—— @) —> @y

3

Hereditary subsets: Hg = {H1, Hz, H3, Ha, Hs} where
H1 ={1,2,4,5,6}, ,Hs = {4}, Hy = {5,6} and Hs = {4,5,6}
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Saturated sets of directed graphs

H C E° is saturated if for anyvertex u € E° we have that r(s™'(u)) C H
implies u € H

EO = {1727374}7 El = {fly f27 &}

s(h) =1, s(h)=2,s(R)=3=

. o SU={A)s Q) = (B),s0) = (B}
(3
lfl f 1,2, 3 are regular
sC e . H(f) =3, H(B) =3, r(6) =3

r(s7t(1) = r(S_l(E)) =r(s7'(3)) =3

H = {1,2,3} is a saturated set of E°
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Contents of the talk

© Preliminaries on evolution algebras
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Basics on evolution algebras

Definition

An evolution algebra (e.a.) over a field k is a k-algebra A provided with
a basis B = {e;|i € A} such that eje; = 0 whenever i # j. Such a basis B
is called a natural basis.

e.a. are commutative algebras but not power associative in general

Definition
Let A be an e.a. with natural basis B. The scalars wy; € k such that

B _
€ 1= ej6j = X cAWki€k

are called the structure constants of A relative to B, and the matrix
Mp := (wk;) is said to be the structure matrix of A relative to B.
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Evolution algebras and graphs

Definition

We denote by E = (EO, ELr, s) the directed graph associated to an e.a. A relative
to a natural basis B = {e;};cn where the set E® = {e;}icn and f € E* with s(f) = e
and r(f) = ¢ if the j-th coordinate of e? relative to B is nonzero. So, we sometimes
identify B with E°.

Directed graph associated to e.a. are row-finite and satisfies the Condition (Sing) (at most one

edge between two vertices)

Example

wm

Aea., B={e, e, e} with ef = & + €3, & = 2e1
0 2 0 1 1

Mg = (1 0 1)’\/)MG: (1 0 0>

1 0 0 1 0

[} e
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9 Key objects and properties
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Key objects and properties

How can we recognize maximal ideals in evolution algebras?

Definition (Key Objects)
Suppose | an ideal of a e.a. A with natural basis B = {e;}icn, E its
associated directed graph and H C E© hereditary subset.

<A~ Hp:={e € E°: e,-2 € I} is a hereditary subset of E°

H C E® ~ Iy := span{H} is a basic ideal of A

Evolution and Basic ideal
An ideal / of an e.a. A is called evolution ideal if it admits a natural basis. In the case
that this natural basis can be extended to the whole algebra we say that / is a basic

ideal.

.

Alicia Tocino (Universidad de Malaga) Connecting ideals with hereditary subsets 14 /26



Properties of key objects

Proposition
Let A be an e.a. with B = {e;};ca a natural basis. Then:
If H,H € H, then HNH', HUH' € H.

If H,H' € H, then Iy = Iy O Iy, 1§ 1, 1" € T, then
Hinir = Hy N Hpr. (T denotes the set of all ideals of A)

Inon = Iy + Iy WHNOH =0, then Iygp = Iy @ 1.

I C Iy, and H C H,,,.

Iy = Aif and only if H = EC.

Iy, = A if and only if A% C .

Assume H € H, H;, = H if and only if H is a saturated set.
If H = 1N B, then H, is a saturated set.

If He H, then H=IyNB.

0000000
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Example

Example

Aea. with B={e, e, e3,e1,65,e)} and e = e+ es + €5, &2 = e1 + 4 + &5,
e§ — e3+ e4 + 65, ef = ey, e§ = €6, eg = e5 + 6. The associated graph is:

E : o,

—
o 0, <—— 0, ——> 0643

N

@)

Hi = {e1,e,e4,6e5,66} and Hy = {e3, es, €5, 66} are maximal hereditary subsets
Iy, = span{er, e, €4, €5, €5}, I, = span{es, e4, €5, €5} are basic ideals of A
Iy, In, are maximal ideals

H:= Hi N Hy = {es,e5,66} is also a hereditary subset

In = Iny N Iy, = span{es, es, €6}
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@ Maximal ideals of e.a. <+ Maximal hereditary subsets
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Maximal ideals of e.a. +» Maximal hereditary subsets
Does every maximal ideal come from a maximal hereditary subset?

In general, it is not true.

A e.a. with B = {e;, e} and ef = e + e, e22 =e + &.
B does not have maximal hereditary subsets except the empty set but
| = span{e; + e} is a maximal ideal.

—
o %,
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Maximal ideals of e.a. +» Maximal hereditary subsets
Does all maximal hereditary subset H produce maximal ideals /yy of e.a.?

In general, it is not true.

Ae.a. with B={e}, e, e3,e4} and
ef:e1-|-ez,e22:e2,e§:e1+e3+e4,e§:e1+e3+e4.
H = {e1, &2} is a maximal hereditary subset of B.
Iy = span{e;, e} is not a maximal ideal since
J = span{er, &, €3 + 4} = A? is an ideal with Iy C J and J # A.

—ae®)
el
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Important property
How can we obtain maximal ideals of an e.a. from its associated graph?

Proposition

The maximal ideals of e.a. A exists in two flavours:
@ Those subspaces of codimension 1 of A containing A2
@ Those ideals Iy with H € H maximal, and such that there is no

subspace S with A> € S C A such that Iy C S.
Consider A a perfect (A%> = A) e.a. and / a maximal ideal of A. Then

there exists a maximal hereditary subset H such that / = /5. Furthermore,
H = H, and /| is a basic ideal.
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Example

Evolution algebras may have ideals of both types

Ae.a. with B={e : i € N*} and e,-2 =€ + €11 Vi € N*.

O 6O

E . .61 —).ezq.%q.e‘l eeooe-

Only one maximal hereditary subset
H={e:i>2}
1
Iy = span{e; : i > 2}
is a maximal ideal since A/ly = Ké.

Moreover, there does not exist any other maximal ideal except
A% = span{e; + €1 : i > 1}
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Example

Evolution algebras may have infinitely many maximal ideals containing A2

2 2 2 2 2
Aea, B={e,e,8,ea,65,6}, ei =ex=6, e =es+ 6,6 =0=¢;5, & = &

o, —— o, o, —> o,

2

Oz > O¢

fl,

Hi = {e, e3, €4, €5, €} maximal ~ I, = span{e, €3, €4, €5, €5 }
H, = {e1, &, €4, &5, &} maximal ~ Iy, = span{ei, &, es, €5, €6 }
with C Iny, I, maximal ideals (of codimension 1 containing A?)

Moreover, there are infinite maximal ideals I’ such that A%> C I’ C A, indeed,
I" = span{e, es + es, &5, ver + [es,yer + des} with det (?‘Y ?) #0.
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Contents of the talk
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|deals having the absorption property

Absorption property

An ideal / of a commutative k-algebra A satisfies the absorption property if xA C /
implies x € /.

How can we find ideals of evolution algebras having the absorption property?

Nondegenerate

A e.a. is nondegenerate if it has a natural basis B = {e;};ca such that e? # 0 Vi € A

Annihilator

ann(A) := {x € A | xa= 0 for any a € A} = span({e; : &’ = 0}) < A

A is nondegenerate if and only if ann(A) =0
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|deals having the absorption property and saturated sets

Let A be a non-degenerate e.a. Then H is a hereditary and saturated set if and only if
Iy has the absorption property.

v

Aea. with B={e}};and e = e = €2 = e3 and € = 0 = ann(A) # 0
H = {e1, &, e3} is hereditary and saturated
If we take x = e1 + es, then span{es} = xA C Iy = span{ei, &, e3} but x & Iy.

v

Let A be an e.a. with natural basis B = {e;}ica. The followings are equivalent:

@ / has the absorption property.
Q H =InB.
Q /=y
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That's all Folks!

Thank you very much for your attention!
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